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Abstract 

The Calogero model with negative harmonic term is shown to be 
equivalent to the set of negative harmonic oscillators. Two time- 
independent canonical transformations relating both models are con- 
structed: one based on the recent results concerning quantum Calo- 
gero model and one obtained from dynamical sL(2,W) algebra. The 
two-particle case is discussed in some detail. 



1 Introduction 

It has been shown recently that the quantum Calogero model |2j can 
be transformed by a similarity transformation into the set of noninteracting 
harmonic oscillators. It is also known || j3J that the Calogero-Moser model 
(i.e. the model with purely inverse square interaction) is equivalent to the 
set of free particles, both on classical and quantum levels. 

In the present paper we show that the "inverted" classical Calogero model, 
i.e. the model obtained from the Calogero model by changing the sign of the 
oscillator term is equivalent to the set of inverted harmonic oscillators. The 
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equivalence is proven by constructing, more or less explicitly, the relevant 
time-independent canonical transformation. 

Two canonical transformations doing the job are presented. First, we 
construct the classical counterpart of the similarity transformation proposed 
in Ref.fll]]. It is easy to check that for the inverted case this transformation 
is unitary which, in classical case, corresponds to real canonical transforma- 
tion. In sec|| an alternative mapping is presented which is based on sL(2, M) 
dynamical algebra of rational Calogero model. In order to show that they 
are really different transformation we consider in some detail the N = 2 case. 
Both mappings are here constructed explicitly which makes their inequiva- 
lence transparent. 



2 Equivalence of the models 

Let us start with "inverted" Calogero model described by the hamiltonian 
He = W^-^MU,/ 2 V 1 ^ (1) 

In order to get rid of the last term on the right hand side we perform 
three successive canonical transformations. 

(i) First we put 

% = i (2) 

Pi = p'i + uq'i 
This is a canonical transformation and transforms He into 

He = Ef+ff/2E77^ + -E^ (3) 

(ii) Next, consider the one-parameter family of canonical tramsformations 
of the form 

gJ(A) = e-" H ^"^* q ':^ q ': + X{q':,H CM ( q ",p")} + ... (4) 
PiW = e-^^' , ^U P ^ P 'l + \{ P lH CM { q ''y )} + ... 

where Hqm is Calogero-Moser hamiltonian 
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Actually, eq. (|) describes the dynamics of Calogero-Moser model, A play- 
ing the role of time variable. It is easy to check that the chioce A = — j- 
gives 

eiW^J^^+^^j = (6) 

Therefore, as a second canonical transformation we take 

i = eSS'Ws'V') * 5 » (7 ) 

implying 

#c = (8) 



(hi) Finally, let 
1 

72 ' 



g? = -L(Q i + ± Pi ) (9) 



so that 

The transformation (g,p) — > (Q,P) given by the composition of (i)-j-(iii) 
reduces "inverted" Calogero model to the inverted harmonic oscillator. 



3 An alternative formulation 

It is well known that the rational Calogero model posses dynamical sL(2, 
symmetry. In fact, define 
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T+ 
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E«?/ 2 (ii) 



where u is a fixed, nonzero but otherwise arbitrary, frequency. The relevant 
Poisson bracket read 

{T ,T ± } = ±T ± (12) 
{T + ,T_} = -2T . 

Define 

Tx = ~(T + + T_) 

T 2 = ^(T + -T_) (13) 

^3 = iT ; 

the commutation rules ( |T2~D take the form 

{T^T,} = kyjfcTfc (14) 

Consider now the canonical transformation 

ft (A) = e^'*'Uql (15) 
ft (A) = e XT ^'*'Up[; 

then 

T a (g(A),p(A)) = e AT ^>')*T 2 (gV) = (16) 
= T 2 (q',p') cos A + T 3 (q',p') sin A 

Therefore, puting 

ft = c f * 41 (17) 

one obtains 

T 2 (g,p) = T 3 (g",p") (18) 
Let us define 

= r^ = 0) (19) 
Then T 3 = T 3 and the transformation 

q'l = e~W>*Q t (20) 
p» = e-^^*P i 
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converts T 3 = T 3 into T 2 , 

f 2 (P,Q) = f 3 (q".p") (21) 
Composing the mappings ( |17|) and (|20|) one gets finally 

The canonical transformation fl2"0|), written out explicitly, reads 

% = ( 23 ) 
Pi = -^(Pi + ujQi) 
and coincides with eq.(pf). 



4 The N = 2 case 

In secsJJ and |3] we defined two canonical transformations reducing the in- 
verted Calogero hamiltonian to dilatation. However, we still do not know 
whether these are different transformations or two forms of the same trans- 
formation. To show that they are really different it is sufficient to consider 
the N = 2 case. Separating the center of mass and relative coordinates 

X = ^(qi + q 2 ) , n = Pl +p 2 (24) 

q = qi-q2 , p=^{pi-P2) 

and ignoring the former we get 

He = p 2 + g/q 2 -^q 2 . (25) 

The transformations described in secsfj and |3| can be given explicitly. In 
particular, from eqs. (0) and (0) one gets 



sgn(g> 



lg + (q"p" - E/co) 2 



, yq"p"-E/uj) u g+(q"p"-E/uy 
P = Sgn(g) / 9+ W-EW + Sgn{q) 2^ E (26) 



E = p" 2 + g/q" 2 
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We easily check that 



p 2 + 9/<l 2 -^q 2 = uiqi'p" (27) 



as it should be. 

On the other hand eq. (|l7D takes the form 



2E 2q"p" 
q = sgn(g )\\— - 



or on 



^ ' f2E 2q"p" y ' 



.,2 



, > 2 

E = p + g/q + — g 

Again one easily verifies that the eq.(P7|) holds. By comparying eqs.( 
and fl28|) we conclude that the transformations described in secs.|2| and |3] are 
really different. 
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